Abstract. For finite dimensional vector spaces it is well-known that there exists a 1-1-correspondence between distributions of Ornstein-Uhlenbeck type processes (w.r.t. a fixed group of automorphisms) and (background driving) Lévy processes. An analogous result could be proved for simply connected nilpotent Lie groups. Here we extend this correspondence to a class of commutative hypergroups.
Introduction
Let V be a d−dimensional real vector space and let (T t ) t∈R be a continuous one-parameter group of automorphisms. M-semigroups (or skew semigroups) are continuous one-parameter families of probabilities (µ(t)) t≥0 on V satisfying µ(t+s) = µ(t) T t (µ(s)), ∀s, t ≥ 0. These skew or M-semigroups are distributions of (generalized) Ornstein-Uhlenbeckprocesses (resp. Mehler semigroups of transition kernels) and correspond in a 1-1-manner to continuous convolution semigroups, the distributions of Lévy processes (called background driving Lévy processes). The correspondence is expressed by path-wise random integral representations of the involved processes. See [25] for d = 1, [2] or [32] and the literature mentioned there. More generally, for random integrals of additive processes see [37] . It should be mentioned that limits of M-semigroups are self-decomposable laws and vice versa. For the background of self-decomposability and random integral representations on vector spaces see e.g. the monograph [26] , or [39, 28, 27] , furthermore, [1, 38, 37] , and the literature mentioned there. For some applications of self-decomposability see e.g., [4, 29] and the references there.
For locally compact groups G admitting a continuous one-parameter group (T t ) t∈R ⊆ Aut(G), Ornstein-Uhlenbeck processes (or Mehler semigroups of transition kernels) resp. M-semigroups on the one side and Lévy processes resp. continuous convolution semigroups on the other, are defined verbatim as in the vector space case. In the group case -as random integral representations are in general not available -at least for contractible simply connected nilpotent Lie groups a 1-1-correspondence between M-semigroups and continuous convolution semigroups is established via Lie-Trotter product formulas (LT 1) µ(t) = lim n→∞ n−1 k=0 Tkt n µ t/n (LT 2) µ t = lim n→∞ µ(t/n) n which may be understood as weak versions of random integral representations. See e.g., [14] , §2.14, [16] , Theorem C, [15] . (For a processapproach under some technical conditions see e.g., [30] .)
The proof relies (i) on the construction of (space-time-) Lévy processes resp. continuous convolution semigroups on the space-time building Γ := G R, (ii) on the existence of common cores for generators of continuous convolution semigroups and (iii) on Lie-Trotter formulas for addition of generators of C 0 −contraction semigroups. The second property, the existence of common cores, proved independently and nearly simultaneously by J. Faraut, K. Harzallah, F. Hirsch, J.P. Roth, [12, 11, 21, 22, 23, 24, 35] , is crucial. See also [13, 8, 9, 19] . (In fact, for our purpose a slight generalization of this result is needed, see Theorem 1.9 b), c) below.)
As a corollary it follows that the Bruhat test functions D(G) andfor direct and semidirect extensions Γ = G R -that the subspaces D(G) ⊗ D(R) ⊆ D(Γ) are common cores for generators of continuous convolution semigroups on G and Γ respectively. A key result which enables e.g. to verify (LT 1) and (LT 2). (Recall that for Lie groups D(G) is just C ∞ c (G).) Recently M. Rösler [36] and M. Voit [40] investigated hypergroup structures on the cone of non-negative definite d × d−matrices with a group like behaviour. In particular, the structure of the automorphism group is well-known, a homomorphic image of GL(R d ). In fact, for a ∈ GL(R d ) there corresponds an automorphism K κ → T a (κ) := (aκ 2 a * ) 1/2 ∈ K. In [17] some probabilistic aspects of these hypergroup structures were investigated, especially divisibility, (semi-)stability and also self-decomposability and M-semigroups. However, the problem of existence of background driving Lévy processes and the correspondence by Lie-Trotter formulas was not investigated there. This is the main target of the present investigations.
Note that a version of the above-mentioned theorem of F. Hirsch et al. for hypergroups is proved in the thesis S. Menges [33] , 5.26. There also the existence of a common core for convolution semigroups on commutative hypergroups is established ( [33] , 5.17, 5.22). However, for non-Abelian hypergroups there is no natural candidate for a common core as e.g., D(G) for general locally compact groups. To find such function spaces on semi-direct extensions and to show a core property which allows to prove the analogues of (LT 1) and (LT 2) is a crucial tool of this investigation.
In Section 1 we collect notations and basic facts for continuous convolution semigroups and invariant C 0 −contraction semigroups, including a sketch of the afore mentioned Theorem of F. Hirsch et al. (in its slightly generalized form.) In Section 2 we apply these results to the case of locally compact groups (generalizing slightly the already published results for nilpotent Lie groups). Section 3 contains the main results: Theorem 3.1 and 3.2. The proof of the first is a consequence of the results collected in Section 2, whereas Section 4 is concerned with the proof of Theorem 3.2, the hypergroup case: For a class of hypergroups containing the afore mentioned hypergroups on matrix cones the existence of background driving Lévy processes and the correspondence via the Lie-Trotter formulas is established. The proof is quite technical and sometimes cumbersome, but I was unable to find a more elegant version.
Notations and basic facts
Let G be a locally compact group or a hypergroup. (Or a locally compact semigroup with unit e and with a nice behaviour at ∞: for all compact M, N ⊆ G the set {z ∈ G : ∀x ∈ N xz or zx ∈ M } is relatively compact.) According to the Riesz representation theorem measures µ ∈ M b (G) are identified with continuous linear functionals on C 0 (G), the dual pairing is denoted by
Measures are also identified with linear operators, the convolution operators acting e.g. on C 0 (G) from right resp. left:
In particular, for µ = ε x 0 we use the abbreviations R x 0 := R εx 0 resp. L x 0 := L εx 0 for the right and left translations.
We collect some well-known properties of convolution operators which are tacitly used in the sequel. ( See e.g., [18, 13] , and for hypergroups, [5] .)
In this case, we define the linear functional A : D → C by f, A := T f (e), hence (according to 1.
This motivates the notation U = R A (in analogy to Proposition 1.1. d3) ).
Then the domain D(U ) is dense and U is closed and dissipative. Furthermore,
is closable, and the closure U , D is closed and dissipative. Furthermore,
In the latter case, D is called 'core' for the generator of (T t ) t≥0 .
This characterization of generators of contraction semigroups as dissipative operators is known as Theorem of Lumer-Phillips ( [31] ).
As a consequence of the Riesz representation theorem we obtain
, and conversely.
In particular, a C 0 −semigroup of invariant operators on
We adopt the following notations: M 1 (G) denotes the set of probability measures and
In the sequel we shall always tacitly assume for continuous convolution semigroups that λ 0 = ε e . Let (λ t ) t≥0 , λ 0 = ε e , be a continuous convolution semigroup in M b (G) with corresponding C 0 −operator
In view of Popositions 1.5 and 1.6 we have:
be left invariant and dissipative and
For α > 0 the resolvent I α := (U − . We restrict to the case of continuous convolution semigroups with trivial idempotents λ 0 = ε e . As mentioned in the above cited literature, the results generalize easily to continuous convolution semigroups with non-trivial idempotents λ 0 . (If λ t ≥ 0 then λ 0 = ω K , a Haar measure on some compact sub-(hyper)group K ).
be a left invariant and dissipative linear operator. Then the closure U , D is the generator of a left invariant contraction semigroup (T t = R λt ) t≥0 . I.e., D is a core for the continuous convolu-
, and assume furthermore
is the generator of a left invariant contraction semigroup (R λt ) t≥0 and D := span {R x D : x ∈ G} is a left-and right invariant core for (U, D(U )) (resp. for (λ t ) t≥0 ) .
The following sketch of a proof follows -with different notations -the lines of the proofs in [21, 22] . See also [13] . For hypergroups a proof (of a) ) is contained in the thesis [33] , 5.26.
Condition (ii') is weaker than (ii), hence b) ⇒ a). To prove b) we first note that
In fact, approximating ν by measures ν n with finite supports such that L νn → L ν in the strong operator topology and observing
we may assume c = 1, else replace f by c · f .
As
Assertion b) (and hence a) ) follows by Proposition 1.7.
To prove c),
is maximal dissipative and therefore a generator.
Hence D is dense, by construction left and right invariant and therefore according to a), D is a core for the closure of the restriction (U, D). Since (U, D(U )) is closed, we observe
We obtain immediately the well known result: 
c denotes the space of functions with compact support which are integrable on the dual G w.r.t. the Haar resp. Plancherel measure, and ∨ denotes the inverse Fourier transform.) Analogously,
A is dense and left-and right-invariant. Furthermore, for any f ∈ A and any continuous convolution semigroup t
(with ψ := log λ 1 ) is analytic. Therefore in particular, f is contained in the domain of the generator. For groups a proof is found in e.g. [7] , for hypergroups see [33] , 5.17, 5.22. Remark 1.12. For later use we note that the cores D(G) and A constructed above in Corollary 1.10 resp. 1.11 are invariant under automorphisms of G.
Semidirect products Γ = G R: The case of locally compact groups
Throughout in this Section G, G i denote locally compact topological groups.
First we note a further corollary to Theorem 1.9:
On the one hand,
) of a continuous convolution semigroup as mentioned in Corollary 1.10. On the other hand, D satisfies the conditions (i) and (ii) of Theorem 1.9 a). Now let G denote a locally compact group and let (T t ) t∈R ⊆ Aut(G) be a continuous one parameter group. The semidirect product Γ = G R is the Cartesian product G ⊗ R equipped with the group operation (x, s)(y, t) := (xT s (y), s + t). Γ is a locally compact group and hence D(Γ) is a common core for continuous convolution semigroups in M
(1) (Γ). First we have
Proof: In contrast to the above mentioned Corollary 2.1 now the proof relies on the weaker assumption (ii') in Theorem 1.9 b).
Left invariance (i) is obvious: For
be the generator of (R λt ) t≥0 , with a continuous convolution semigroup (λ t ) t≥0 ⊆ M (1) (Γ). According to Corollary 1.10
We have to show for all (y, t) ∈ Γ that R (y,t) D ⊆ D. In fact,
The Lévy-Khinchin-Hunt representation (cf. e.g., [18] , 4.4.18, 4.5.8, [19] , resp. [8, 12, 10, 11, 13, 42, 43] ) yields that the restriction of the generator U = R A : C
Therefore we have H n → H and U H n → U H, whence H ∈ D, as asserted.
3. Now the proof follows by Theorem 1.9 b).
In all examples we have in mind, the underlying group is a (simply connected, nilpotent) Lie group. Nevertheless it is worth to point out that this result is true for general locally compact groups G which admit a continuous one-parameter group of automorphisms (T t ) t∈R ⊆ Aut(G): Theorem 2.3. Let G be a locally compact group with (T t ) t∈R ⊆ Aut(G). We define as above the semidirect extension Γ = G R and put again
(1) (Γ) be a continuous convolution semigroup with generating functional A resp. infinitesimal generator (U = R A , D(U )). Then D is a core for (λ t ) t≥0 resp. for (U = R A , D(U )).
We sketch a proof:
and decompose as before H = F n + G n .
(T t ) is a continuous one-parameter group. The connected component G 0 is characteristic and G/G 0 is totally disconnected. Therefore, the induced automorphisms T t act trivially on G/G 0 .
Choose an open subgroup G 1 ⊆ G such that G 1 /G 0 is compact. Then, (e.g., according to [14] , 3.1.22) we have
The Lévy-Khinchin-Hunt representation for general locally compact groups (cf. e.g., [18, 19] resp. [8, 12, 10, 11, 13, 42, 43] ) yields that A = B + η where η is a bounded measure (a Poisson generator), and B is supported by Γ 1 . We have U = R A = R B + R η and, as η is bounded, ||R η G n || ∞ → 0, and R η F n → R η H. Hence w.l.o.g. we may assume that Γ = Γ 1 is Lie projective.
Since ϕ ∈ D(G) is constant on K α −cosets for some K α and all functions involved are hence left K α −invariant, we may assume w.l.o.g.
Thus the proof is reduced to the case of Lie groups, which was proved in Proposition 2.2.
Lie-Trotter formulas. We recall Lie-Trotter product formulas for addition of generators of C 0 semigroups and its applications to continuous convolution semigroups. For the background see e.g., P.R. Chernoff [6] , 1.1, and the literature mentioned there. For continuous convolution semigroups see e.g., [13] . b) Applying this to continuous convolution semigroups (resp. to the corresponding convolution operators) we obtain: Let (µ t ) t≥0 , (ν t ) t≥0 ⊆ M (1) (G) be continuous convolution semigroups in on a locally compact group G. Let D be a common core for all continuous convolution semigroups (e.g., D = D(G)). Then the sum of the generators is at least defined on D and its closure generates a continuous convolution semigroup (λ t ) t≥0 . Furthermore, the Lie-Trotter formula for continuous convolution semigroups holds true:
The main results
In the following we consider a sub-semigroup of 
dt t=0 R εe⊗ε ±t . W and ±P -by construction dissipative invariant operators -are extended to generators of continuous convolution semigroups (σ t := µ t ⊗ ε 0 ) t≥0 and p ± t := ε e ⊗ ε ±t t≥0 respectively. (Cf. Theorem 2.3). Therefore, the steps in Section 2 yield the following result (cf. e.g., [14] ), 2.14 III, [16] , Theorem C. See also e.g., [15, 3] for applications: Theorem 3.1. Let G be a locally compact group and T := (T t ) t≥0 ⊆ Aut(G) a fixed continuous one-parameter group. Furthermore, let Γ := G R denote the semidirect extension of G defined by T. Then a) D := D(G) ⊗ D(R) is a core for any continuous convolution semigroup of probabilities in M 1 * (Γ). b) There exists a bijection (µ(t)) t≥0 ↔ (µ t ) t≥0 between M-semigroups and continuous convolution semigroups, i.e., between (distributions of ) Ornstein-Uhlenbeck processes and (background driving) Lévy processes. The bijection is expressed by the 'forward and backward Lie-Trotter formulas'
For (matrix cone-) hypergroups we shall prove in analogy to the group case: Theorem 3.2. Let K be a matrix cone hypergroup (investigated in [36, 40] ) with fixed continuous one parameter group T := (T t ) t≥0 ⊆ Aut(K). In particular, D is again a common core for all continuous convolution semigroups in M 1 * (Γ).
The proof of Theorem 3.1, worked out in Section 2, relied mainly on the Theorem 1.9 b). In fact, Theorem 3.1, in particular a), is wellknown and was used several times -at least in the case of Lie groupswithout pointing out that the original version of Theorem 1.9 a) needs a straight forward generalization (i.e. condition (ii') instead of (ii)) to handle the case of semidirect products. (See e.g. [14] , §2.14, [16] ). We included a proof in order to show the differences to the case of hypergroups:
The proof of Theorem 3.2 is more complicated and not straight forward. In fact, the details are quite technical, but I was unable to find a better way. The proof will be carried out in Section 4, in a series of propositions, which may be interesting in their own right. Here we sketch an outline of the proof : 1. Assume (µ(t)) t≥0 to be a M-semigroup on K with corresponding space-time semigroup (λ t ) in M 1 * (Γ). Then we construct a suitable core E for (λ t ) such that on E the generator U of the convolution operators (R λt ) splits U = W + P , W generating a continuous convolution semigroup (σ t = µ t ⊗ ε 0 ) t≥0 concentrated on K ⊗ {0} ∼ = K, and P generates the semigroup of shifts p + t := ε (e,t) t≥0 . (Note that the constructed core E still depends on (λ t ).) 2. Then the Lie-Trotter formula (LT ) (Proposition 2.4 a)) applied to U = W + P yields (LT 1). Hence (µ(t)) t≥0 → (µ t ) t≥0 is established. 3. Conversely, let (µ t ) be a continuous convolution semigroup on a matrix cone hypergroup K. On these hypergroups there exists a subspace A which is a common core for all continuous convolution semigroups on K and is invariant under shifts and automorphisms. (Cf. 1.11, 1.12). By means of A we construct a subspace D ⊆ C 0 (Γ) which is a common core for continuous convolution semigroups in M 1 * (Γ). 4. Furthermore, let V be the generator of (µ t ) t≥0 , let (σ t := µ t ⊗ ε 0 ) t≥0 with generator W , and let P as above, then U = W + P is (the restriction to D of) the generator of a continuous convolution semigroup (λ t = µ(t) ⊗ ε t ) t≥0 ⊆ M 1 * (Γ). Applying the Lie-Trotter formulas to U = W + P resp. W = U − P and considering the space component, i.e., the projection to K, we obtain (LT 1) and (LT 2) respectively. 5. Together with step 1. this yields the bijection (µ(t)) t≥0 ↔ (µ t ) t≥0 as asserted. 4 . Semidirect products Γ = K R: The case of matrix cone hypergroups K As announced in Theorem 3.2 our aim is to establish a 1-1-correspondence between M-semigroups and continuous convolution semigroups on a class of hypergroups with 'group-like behaviour': Such hypergroups on the cone of non-negative definite matrices were recently investigated, cf. [36, 40] , a class of hypergroups which share many features with locally compact groups. In particular, the group of automorphisms is well known, and there exist continuous one-parameter groups of automorphisms in abundance. (See e.g. [17] for an overview of some probabilistic structures on these hypergroups, in particular, the first section contains a collection of basic properties.) In the sequel we have these examples in mind, but results and proofs depend only on particular properties of K, thus could be generalized to larger classes of hypergroups. Definition 4.1. Let K be the cone of positive semidefinite d × dmatrices endowed with a hypergroup structure (investigated in [36, 40] ). (We restrict for convenience to the case of real matrices.) K is a commutative Hermitean hypergroup, furthermore, self-dual (i.e., K is a hypergroup ∼ = K), with Pontryagin and Godement property. In particular, Lévy's continuity theorem is valid. K is aperiodic, i.e., without idempotents except the unit e. The unit of the hypergroup K is the zero-matrix, denoted by e.
Automorphisms of K are obtained in the following way: K is considered as subset of the d
The restriction to K defines an hypergroup automorphism of K. Let (T t ) t∈R be a continuous one-parameter group in Aut(K). Then there exists a continuous one-parameter group (a t = exp(tQ)) t∈R ⊆ GL(R d ) such that T t = T at ∀t ∈ R. And conversely, (T at ) ⊆ Aut(K) for any one-parameter group (a t ). In the following we fix T t := T at with a t = exp t · Q, t ∈ R.
Let V := H ⊗ R, the Cartesian product, containing Γ := K ⊗ R as a subset. Γ, endowed with a convolution structure ε (x,s) * ε (y,t) := ε x ε Ts(y) ⊗ ε s+t for (x, s), (y, t) ∈ Γ and with involution defined by
(The axioms are easily verified. Note that in our case, K is Hermitean, hence in particular, T −s (x) − = T −s (x).) Therefore, the notation Γ =: K R is justified.
Probabilities on K resp. on Γ act by convolution on C 0 (K) and C 0 (Γ) respectively. We denote the left and right convolution operators as fol-
In an analogous way we define for measures λ on Γ resp. µ on K the left resp. right convolution operators 
In that case we have
The involution on Γ induces involutions on on spaces of functions and measures:
Let
We recall the notations of left invariant operators and subspaces introduced in Section 2; we have to distinguish between invariant operators on K and on the non-commutative hypergroup Γ.
The existence of background driving Lévy processes: the mapping (µ(t)) t≥0 → (µ t ) t≥0 . The hypergroup K is embedded into a vector space H, hence inherits a differentiable structure. Note that the action of T t on K resp. H is smooth:
2 is an entire function, and
⊥ , hence the projections onto these subspaces depend analytically on t. Whence the assertion easily follows.
We define particular differential operators:
0 (H ⊗ R) (i.e. with continuous derivatives in C 0 (H ⊗ R)) and (x, s) ∈ H ⊗ R we put
For the restriction to (x, s) ∈ Γ we obtain:
a)-e) are obvious, only f) needs a proof: It is sufficient to prove the assertion for λ = ε (y,u) . A simple calculation shows
The second terms converge to P f (x, s), hence also the first terms are convergent, to S f (x, s) say. Now S f (x, s) = lim
The first and third terms converge to P f (x, s) and −P f (x, s) respectively, hence S f = Sf as asserted.
The differential operators X and P are related by
Definition 4.8. We introduce semi-norms on C 
In fact, we prove for g := g f,ψ : U g(x, s) = U f (x, s)·ψ(s)+f (x, s)·ψ (s):
Convergence is uniform in (x, s) since ψ and ψ have compact support and U f ∈ C 0 (Γ).
We show: ∀ε > 0 ∀ f ∈ D(U ) there exists a g ∈ E 0 such that
Let f ∈ D(U ), choose L n , ψ n as above, and assume in addition that
The above steps remain true if E 0 is replaced by
(According to 4.11, D( * Now we are ready to prove the existence of a background driving Lévy process: Proposition 4.17. As introduced afore, we put • f for the restriction of f to {(y, 0) : y ∈ K} ≡ K. With this notation we have:
V is dissipative (by construction) and has a unique extension to the generator of a semigroup of convolution operators (R µt ) t≥0 for a continuous convolution semigroup
Λ is dense in C 0 (K) and left invariant. Since K is Abelian, Λ is (trivially) right invariant. By construction, V is dissipative, whence according to Theorem 1.9 a) the existence of (µ t ) t≥0 ⊆ M
(1) (K) follows.
Furthermore, according to Proposition 4.14, V = lim
+ (K), W and V be defined as in Proposition 4.17. Let (σ t := µ t ⊗ ε 0 ) t≥0 ⊆ M 1 * (Γ) denote the corresponding continuous convolution semigroup, concentrated on K⊗{0} ∼ = K. Put furthermore p ± t := ε (e,±t) t∈R + .
Then W and ±P are the generators of (R σt ) t≥0 and R p ± t t≥0 respectively.
For all (x, s) ∈ Γ we have:
In view of Proposition 4.14, application of the Lie-Trotter formula (LT ) (Proposition 2.4 a)) to the decomposition U = W + P yields In 4.17 we have proved µ t ∈ M
+ (K). Now we are ready to prove Proposition 4.20. µ t ∈ M 1 (K) for all t ≥ 0.
Assume ||µ t || < 1 for some t > 0. Then, as µ t are positive, ||µ t || = e −ct for some c > 0. Therefore, in (LT 1) the right hand side has norm ≤ e −ct . A contradiction to the assumption µ(t) ∈ M 1 (K).
We have proved that for any M-semigroup (µ(t)) t≥0 there exists a continuous convolution semigroup (µ t ) t≥0 , the background driving Lévy process, such that (LT 1) holds true. In fact, the following results prove uniqueness of (µ t ) t≥0 and bijectivity of the mapping (µ t ) t≥0 → (µ(t)) t≥0 . Bijectivity is proved by the inverse Lie-Trotter formula (LT 2).
The existence of M-semigroups: The mapping (µ(t)) t≥0 → (µ t ) t≥0
First we show T kt/n µ t/n (LT 2) µ t = lim n→∞ (µ(t/n)) n Proof: At the first glance it seems obvious to consider as before
and to apply the Lie-Trotter formula to the representation U = W + P resp. W = U − P . But a priori there is no 'natural' common domain for U, W, P . Therefore we have to find a slightly different approach. This will be done in the subsequent steps, formulated as propositions. Let (µ t ) t≥0 ∈ M 1 (K) be given, define (σ t := µ t ⊗ ε 0 ) t≥0 ⊆ M 1 * (Γ), put for t > 0, W t := Obviously D is dense in C 0 (Γ). To prove invariance we consider L (y,t) (ϕ ⊗ ψ) (x, s) = (ϕ ⊗ ψ) (y T t (x), s + t) = (ϕ • T t ) (T −t (y) x)·ψ(s+t) = Applying the Lie-Trotter formula (LT ) (cf. Proposition 2.4 a)) to U = W + P resp. W = U − P yields λ t = lim n→∞ σ t/n * p We have proved, that (µ(t)) t≥0 , (λ t ) t≥0 ⊆ M + (K) and have norm ||µ(t)||, ||λ t || ≤ 1. Comparing the norms in (LT 1) and (LT 2) yields again that µ(t) and hence λ t are probabilities.
